We write the spectral zeta function of the Laplace operator on an equilateral metric graph in terms of the spectral zeta function of the normalized Laplace operator on the corresponding discrete graph. To do this, we apply a relation between the spectrum of the Laplacian on a discrete graph and that of the Laplacian on an equilateral metric graph. As a by-product, we determine how the multiplicity of eigenvalues of the quantum graph, that are also in the spectrum of the graph with Dirichlet conditions at the vertices, depends on the graph geometry. Finally we apply the result to calculate the vacuum energy and spectral determinant of a complete bipartite graph and compare our results with those for a star graph, a graph in which all vertices are connected to a central vertex by a single edge.
Introduction
Zeta functions are widely studied in graph theory where, for example, the Ihara zeta function associated to a finite graph is defined by an Euler product over all backtrack-less primitive closed loops, see e.g. [12, 16, 17] . In mathematical physics, on the other hand, quantum graphs provide an important model to investigate phenomena associated with complex quantum systems. In a quantum graph, edges of the graph correspond to intervals with a differential operator, typically the Laplace or Schrödinger operator, acting on functions on the intervals. Quantum graphs are employed in diverse areas including Anderson localization, quantum chaos, nanotechnology, and the theory of photonic crystals; see [4] for an introduction. In many of these applications, it is the spectral properties of the graphs that are of particular interest. A spectral zeta function is
where {λ j } is the point spectrum of a self-adjoint operator and the prime indicates that zero eigenvalues are excluded. For finite quantum graphs, such a zeta function can be written as a sum over periodic orbits using the trace formula. Alternatively, it can be formulated in terms of the vertex conditions using a contour integral approach for the Laplace [9] , Schrödinger [10] , and Dirac [11] operators. Spectral zeta functions of lattice and torus graphs have also been studied in the case of discrete graphs, where they are seen to inherit properties associated with the Riemann zeta function [6] .
While the spectrum of the Laplacians of discrete graphs and quantum graphs appear quite different, there is a relation between them [2, 13, 15, 4] . In this paper, we use this to relate the spectral zeta function of the Laplace operator on an equilateral quantum graph (a graph where every edge has the same length) to the spectral zeta function of the normalized Laplace operator on a discrete graph. This should be seen as a first step in connecting the literature on the zeta functions of discrete graphs with spectral properties of quantum graphs.
The article is organized as follows. In Section 2, we define the discrete and quantum spectral zeta functions of the respective Laplace operators. We state and prove our main result relating the quantum spectral zeta function to the corresponding discrete spectral zeta function in Section 3. In Section 4, we apply the result to compute the vacuum energy and spectral determinant of a complete bipartite graph. The results are compared to those for a star graph, a graph in which all vertices are connected to a central vertex by a single edge.
Background
A discrete graph G consists of a set of vertices V and a set of edges E that connect pairs of vertices, so an edge e = (u, v) for u, v ∈ V; see e.g. Figure 2 . In this paper, we consider finite discrete connected graphs that have a finite number of vertices and edges. We denote the number of vertices by V = |V| and the number of edges by E = |E|. The first Betti number of the graph is β := E − V + 1, the number of independent cycles on G. The degree of a vertex v, denoted d v , is the number of edges connected to v. A bipartite graph is a graph where the vertex set can be split into two disjoint parts, V = U ∪ W with U ∩ W = ∅, such that every edge e = (u, w) with u ∈ U and w ∈ W.
Functions on a discrete graph G take values at the vertices, and hence, are represented by vectors in C V . Operators that act on these functions can be represented as V × V matrices. For example, the normalized (harmonic) Laplace operator on a discrete graph is defined as
or alternatively, ∆ is the V × V matrix whose entries are
We denote the eigenvalues of ∆ by
A metric graph Γ is a discrete graph on which each edge e ∈ E is assigned a length L e and associated with the interval [0, L e ]; here we assume that every length L e is finite. The orientation of the coordinate x e is arbitrary; our results are independent of this choice. However, for clarity, given an edge e = (u, v) connecting vertices u and v we fix the order of u and v and assign the orientation x e = 0 at u and x e = L e at v. A function f on a metric graph is defined by a collection of functions {f e } e∈E , one on each interval. In this paper, we consider equilateral metric graphs where every edge has the same length L. Given a discrete graph G, we make a corresponding equilateral metric graph Γ by assigning length L to each edge.
A quantum graph is a metric graph equipped with a self-adjoint differential operator. Here we consider the standard Laplace operator, which is defined as
together with the Neumann-Kirchhoff vertex conditions
where E v is the set of all edges attached to vertex v. When evaluating the derivative at a vertex, by convention we consider the derivative to be taken into the edge e (away from the vertex 
and the domain of L is all functions in H 2 (Γ ) that satisfy the vertex conditions (4) . The Laplacian with these vertex conditions has real non-negative eigenvalues [4] , and hence, they can be written as 0
We also consider the self-adjoint operator − The spectral zeta function is a generalization of the Riemann zeta function where nonzero eigenvalues of an operator take on the role of the integers. Let Z(s) denote the spectral zeta function of the normalized Laplacian ∆ on a discrete graph G and Z(s) the spectral zeta function of the Laplacian L on the corresponding equilateral quantum graph Γ . Then
where the prime denotes that the sum is taken over nonzero eigenvalues. As written in (6), the domain of Z(s) is Re(s) > 1 2 ; a domain that will be extended subsequently.
3 Relation between the discrete and quantum spectral zeta functions
In this paper, we prove the following relation between the spectral zeta functions of discrete and quantum graphs. Theorem 1. Suppose that G is a discrete graph and let Γ be the corresponding equilateral metric graph where each edge has length L. Then, for Re(s) < 0, the quantum spectral zeta function of L is
Z(s) is the discrete spectral zeta function of ∆, ζ R (z) is the Riemann zeta function, and β = E − V + 1 is the first Betti number.
Note that, in equation (7), Γ(·) is the gamma function and not the metric graph.
To obtain this relation, we rely on the following theorem from [2] (also see [13, 15, 4] ) which relates the eigenvalues of the normalized Laplace operator acting on a discrete graph to the eigenvalues of the Laplace operator acting on the corresponding equilateral metric graph. Theorem 2. Suppose that G is a discrete graph and let Γ be the corresponding equilateral metric graph where each edge has length L. If k 2 is not in the Dirichlet spectrum of the Laplace operator L acting on Γ , then
where ∆ is the normalized Laplace operator acting on G and σ(·) denotes the spectrum of the operator.
Dirichlet eigenvalues
Enforcing the Dirichlet vertex conditions on a quantum graph is equivalent to breaking the graph at each vertex, forming E disconnected intervals. Therefore, the Dirichlet eigenvalues of the quantum graph are the eigenvalues of the differential equation
which are
We need to determine which of the Dirichlet eigenvalues are also eigenvalues of L.
Lemma 1. The multiplicity of the eigenvalue nπ L 2 , n ∈ N, in the spectrum of L for an equilateral quantum graph is, (i) (β − 1) + 2 dim ker(∆) when n is even, and
where ∆ is the normalized Laplace operator acting on the corresponding discrete graph G.
While we state the lemma in the form that will be most useful subsequently, 2 is an eigenvalue of ∆ if and only if the graph is bipartite [5] . Consequently, for a connected graph, a straightforward corollary is, Corollary 1. The multiplicity of the eigenvalue nπ L 2 , n ∈ N, in the spectrum of L for a connected equilateral quantum graph is (i) β + 1 when n is even.
(ii) either β + 1 if the graph is bipartite or β − 1 otherwise, when n is odd.
Note that, if β = 0 the graph is a tree, which is bipartite. In the case of quantum graphs where the edge lengths are incommensurate, the spectrum is often studied via a secular equation whose roots are the square roots of the eigenvalues up to multiplicity. For an equilateral graph the multiplicity of nπ/L as a root of the secular equation for even n is the same as the multiplicity of zero as a root of the secular equation. In [8] Fulling, Kuchment and Wilson obtain this algebraic multiplicity of zero as a root of the secular equation for graphs with general vertex conditions, Corollary 23. In particular, with Neumann-Kirchoff vertex conditions they show this multiplicity is 2 − V + E = β + 1 in agreement with the corollary. We will present a direct proof of the whole lemma.
Proof. For an eigenvalue nπ L 2 of L, the eigenfunction on each edge e has the form
Part (i): n even: We first deal with the case when n is even. Then f e (0) = f e (L) = a e for all e, and the continuity of f on the connected graph requires a e = a for some constant a on a connected component. The number of connected components is dim ker(∆). 
where β is the first Betti number of the graph, the number of independent cycles. If we define a diagonal matrix of the vertex degrees
The kernel of ∆ is the kernel of Q T and hence,
Part (ii): n odd: In the case where n is odd, f e (0) = a e and f e (L) = −a e . Hence the continuity of f on the connected graph requires that we choose a e = a or a e = −a for some constant a so that the sign of the solution alternates at adjacent vertices. This is possible if and only if the graph contains no cycles with an odd number of edges. A graph where there are no cycles with an odd number of edges is bipartite [1] . Also, 2 is an eigenvalue of ∆ if and only if G is bipartite [5] . Hence, the dimension of the subspace of solutions spanned by the cosine functions is the dimension of ker(∆ − 2I), the number of connected bipartite components of the graph.
Similarly, 
In this case,
and ker(M T ) = ker(∆ − 2I). Hence
Then combining the eigenfunctions spanned by the cosine and sine functions respectively provides the result.
Proof of Theorem 1
First we will analyze Z(s), the discrete spectral zeta function. Since all eigenvalues of ∆ lie in the closed interval [0, 2] [5], we know that every eigenvalue can be written as 1 − cos(kL) for
Each k j need not be distinct; in fact, if 1 − cos(kL) ∈ σ(∆) has multiplicity n, we require that k appear in K n times. We know that k 1 = 0 and k 1 < k 2 because zero is an eigenvalue of ∆ of multiplicity one for every connected discrete graph G. We can write the discrete spectral zeta function as
where the sum begins at j = 2 to avoid the zero eigenvalue of ∆. Now we will relate the eigenvalues of ∆ to the eigenvalues of L. If k = 0, π L and 1 − cos(kL) ∈ σ(∆), then by Theorem 2 so is 1 − cos(2nπ + kL), and hence
. For k 1 = 0, we know from Lemma 1 that the multiplicity of 2nπ L 2 is (β − 1) + 2. Similarly, we also know from Lemma 1 that the multiplicity of
, we can write the quantum spectral zeta function of L as
since this is a rearrangement of a series that converges absolutely for Re(s) > 1 2 . Hence,
(20) where ζ R (z) is the Riemann zeta function.
Lemma 2. For Re(s)
Proof. We can see by rearranging the left-hand side that
where ζ H (z, a) is the Hurwitz zeta function. The Hurwitz zeta function is convergent for Re(z) > 1 and a > 0. The second sum was rewritten to ensure that
is positive, and then (24) is analytic for s = 1/2 [14] . In the restricted domain Re(z) < 0 and 0 < a ≤ 1,
Therefore
and
Combining these equations, we see that
for Re(s) < 0. Substituting (28) into (24) and rearranging the absolutely convergent sum completes the proof.
Finally, we can write
cos(k j Ln) in terms of Z(s), the spectral zeta function on the corresponding discrete graph.
where Z(s) is the discrete spectral zeta function.
Proof. One property of Chebyshev polynomials is the following [14] :
The n th Chebyshev polynomial can be written as
Combining equations (30) and (31), we see that
and therefore, using (18),
Merging Lemmas 2 and 3, we have shown that
Notice that the sums cannot be interchanged because the convergence of the infinite sum is not absolute. Substituting (34) into (20) completes the proof of Theorem 1.
Applications
In this section, we demonstrate the usefulness of Theorem 1 by calculating the quantum spectral zeta function of an equilateral complete bipartite graph. We then use that spectral zeta function to compute the vacuum energy and spectral determinant associated with the Laplace operator on this quantum graph. Finally, we compare these results with previous results for a particular case: a star graph.
A complete bipartite graph, denoted by K m,p , is a graph with m + p vertices and mp edges whose vertices can be divided into two disjoint sets, set U of size m and set W of size p, such that each vertex in set U is connected to every vertex in set W; see Figure 1 . The first Betti number of K m,p is β = E − V + 1 = mp − (m + p) + 1. The eigenvalues of a discrete complete bipartite graph K m,p are known to be 0, 1 (with multiplicity m + p − 2), and 2 [5] , and therefore
Figure 1: The complete bipartite graph K 2,3 .
By Theorem 1, the quantum spectral zeta function of the complete bipartite graph K m,p , where each edge has length L, is given by
Using the Chebyshev polynomial property (31), the double summation can be written as
since we know by (30) that T n (cos(x)) = cos(nx). Continuing, we can write (37) as
where
is the Dirichlet eta function. Note that
where ζ R (z) is the Riemann zeta function [14] . From this, we see that the quantum spectral zeta function of the equilateral complete bipartite graph K m,p is
Vacuum energy
The vacuum energy of the Laplace operator is formally half the sum of the square roots of the eigenvalues, 1 2
Hence, the zeta function regularization of the vacuum energy is
Given the form of Z(s) from equation (41) (which is valid at s = − 1 2 by Theorem 1),
since Γ(2) = 1, ζ R (−1) = − 
Spectral determinant
The spectral determinant of an operator is formally the product of its eigenvalues,
The zeta regularized spectral determinant is consequently defined as,
Using Theorem 1, we know that for Re(s) < 0, the quantum spectral zeta function of the complete bipartite graph K m,p is given by (41). However, the first term, which inherited the restriction to Re(s) < 0 from (28), is zero at s = 0. Therefore, the derivative of the first term of (41) at s = 0 is (45) and (46) we can see that the spectral determinant is det
Comparison with known results
Here we consider the special case of a star graph. A star graph with E edges has E vertices of degree one connected to a central vertex, and hence, V = E + 1 vertices in all; see Figure  2 . In particular, a star graph with E edges is the complete bipartite graph K 1,E . Consider the equilateral quantum star graph where each edge has length L. We assume that the coordinate x e = 0 at the vertices of degree one and x e = L at the center. The vertex conditions (4) become f ′ e (0) = 0 and e∈E f ′ e (L) = 0. Consequently, an eigenfunction has the form f e (x e ) = a e cos From (43), we can see that for a star graph with E edges (i.e., K 1,E ),
This agrees with the result of [7] (also see [3, 9] ) where the vacuum energy of an equilateral star graph was calculated. As the Casimir force is proportional to the derivative of E c with respect to L, this example was used to demonstrate that the Casimir force changes from attractive to repulsive depending on the number of edges. From (47), we can see that for a star graph with E edges det
This agrees with the results of [9] where the spectral zeta function and spectral determinant of a general quantum graph were computed using contour integrals.
